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R A D I A N T  H E A T  T R A N S F E R  IN AN A B S O R B E N T  M E D I U M  

V.  A.  K u z n e t s o v  UDC 536.3.33 

A dependence is obtained for  the radiat ion flux vec tor  in the fo rm of a se r i es .  A calculation 
formula  taking the anisotropy of the radiat ion field into account is proposed.  

Various methods of calculat ing the radiant  heat  t r an s f e r  in an absorbing (radiating) medium are  based on 
a c losed and in principle solvable sys tem of di f ferent ia l  equations containing the r ad i an t -hea t - t r ans f e r  energy 
equation and the r ad i an t - t r ans f e r  equation [1]. F o r  steady h ea t - t r an s f e r  conditions, the energy  equation may 
be wri t ten  in the following form: 

div qr = 4o (e.T~ - -  a te) ,  (1) 

where  T r is the radiant  t e m p e r a t u r e ,  defined at each point of the medium by the express ion  

T4 1 i Idr r =  4--~,. (2) 
(4~) 

The radiation flux vec to r  q r  may be found by vec to r  integrat ion over  the spher ica l  solid angle w = 4~ 
of the total radiat ion intensity I, de te rmined  f rom the rad ia t ion- t rans fe r  equation [1, 2] as follows. 

I = e, B I dl  (3) 
o~ ~ dl 

The equi l ibr ium radiat ion intensity B at each point of the volume of the medium is then calculated f rom 
the well-known formula  [2] 

B = aT~/n. (4) 

As a ru le ,  the total radiat ion intensity I is not the same for  different  d i rect ions  l ,  and its dependence 
on the solid angle w is not known a pr io r i .  T h e r e f o r e ,  the integration of Eq. (3) in general  fo rm is ca r r i ed  
out only for  the case of i s . t r op i c  radiat ion [2]. 

It may be shown that on the basis  of Eq. (3) calculational  dependences m a y b e  obtained for  the radiation 
flux vec to r  with an a r b i t r a r y  configuration of the absorbing-medium volume and an anisotropic  radiat ion field. 
This  involves different ia t ing repeatedly  Eq. (3) with r e sp ec t  to the direct ion l ,  taking as constant the rat io be-  
tween the int r ins ic  radiat ion and absorpt ion coefficients  of the medium e , / ~ ,  and neglecting, for  s implici ty  of 
the equat ions,  the der iva t ives  of second and higher  o r d e r  of the absorpt ion coefficient  c~. Note that on the 
r ight-hand side of each of the resul t ing  equations there  is a der ivat ive  of the total radiat ion intensity I of 
o rde r  one higher  than that of the der ivat ive  of the total radiat ion intensity on the lef t -hand side of the equation. 
Using this s t ruc tu ra l  p roper ty  of the fo rmulas ,  the der ivat ive  d I / d / m a y  be el iminated f rom Eq. (3) and the 
total  radiat ion intensity wr i t ten  as a uniformly converging power s e r i e s ,  

/ =  e, / B 1 dB 1 d~B (--1)n dnB + 1 
• dl ~ - - - - ' 4 ; - " ' +  . . . .  ] r ( xl~cz 2 dl ~ •215 .... •162 ~ dl n (5) 

where  ~n = (1 + ndc~-l/d/) �9 
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At each point of the m e d i u m ,  a spher i ca l  coordinate  s y s t e m  l ,  ~, 0 is es tab l i shed  so that  the d i rec t ion  
l f o r m s  an angle ~ with the z axis  of the Car t e s i an  coordinate  s y s t e m :  x ,  y ,  z and the e l emen ta ry  solid angle 
is defined by the equation 

d~0 = sin qD �9 dq~ �9 dO. 
�9 i " ~  / %  

Then the angles  (x, l) and (y, l) between the x and y axes  and the d i rec t ion l may  be found f rom the g e o m e t r i -  
cal  r e la t ions  

cos (x, 0 = sin ~ �9 cos 0, cos (y, /) = sin q~. sin O. 

Cons ider  f i r s t  of al l  the s i m p l e s t  case  where  the change in absorp t ion  coeff icient  may  be neglected,  
which al lows the de r iva t ive  dcCt/dl to be se t  equal  to zero .  

Rep lac ing  the de r iva t ives  with r e s p e c t  to l in Eq. (5) by de r iva t ives  with r e s p e c t  the coordinates  x ,  y ,  
and z ,  all  the t e r m s  of the equation a r e  then mult ipl ied by cos~0 and in tegra ted  ove r  the spher ica l  solid angle 
oJ = 47r, taking into account  that  the equi l ibr ium radia t ion intensi ty B,  the de r iva t ives  of B with r e s p e c t  to x,  
y ,  and z ,  and the coeff ic ient  ~, do not depend on the solid angle oJ and may  be taken outside the in tegra l  sign. 
Tak ing  the med ium to be c lose  to gray  in i ts  p r o p e r t i e s ,  the absorpt ion  coefficient  ~ is a lso  taken outside the 
in tegra l  sign. Rep lac ing  the equ i l ib r ium radia t ion  intensi ty B by the t e m p e r a t u r e  T 4 accord ing  to Eq. (4), the 
following e x p r e s s i o n  is obtained for  the pro jec t ion  of the radia t ion flux v e c t o r  on the z axis :  

qrz=__4o ~,_~. { I aTe' .4_ 1 ( cgST" OaT ' a3T ' ) 
( 6 )  

1 ( O~T~ 05T4 aST4 05T~' aST*" aST~' ) I 
+ 7as \ ~ +  ax~az + a~az  + 2 - - - + 2 - - + 2  + . . . .  - -  - -  - -  a ~ a ~  a y 2 0 z  ~ a x " a y ~ a z  I 

Analogous e x p r e s s i o n s  may  be obtained fo r  the p ro jec t ions  of the radia t ion flux vec to r  q rx ,  q ry  on the x 
and y axes  by cycl ica l  r e p l a c e m e n t  of v a r i a b l e s  (x -"  y ,  y --~ z,  z ~ x, q rz  ~ q rx ,  q rx  ~ qry) in Eq. (6). 

The resu l t ing  equat ions may be r ega rded  as  the s e r i e s  expansion of the radia t ion vec to r  pro jec t ion  in 
t e r m s  of a -1, the r e c i p r o c a l  of the absorp t ion  coefficient .  In the pa r t i cu l a r  case  when the gradients  of the 
t e m p e r a t u r e s  T and T r a r e  in the s a m e  d i rec t ion ,  and the in t r in s i c - r ad ia t ion  coeff icient  a .  is equal to the ab -  
sorpt ion coeff icient  tr, the f i r s t  t e r m  of the expansion in Eq. (6) gives an exp re s s ion  coinciding with the we l l -  
known Rosse land  approx imat ion  [2, 4]: 

40 grad TL (7) 
qr = - - - - ~  - 

Thus ,  Eq. (6) d i f fe rs  f r o m  the Rosse l and  approx imat ion  in Eq. (7) by t e r m s  containing h i g h e r - o r d e r  de -  
r iva t ives  which take into account  the e f fec t  of rad ia t ion- f ie ld  an iso t ropy  on the resu l t ing  radiat ion fluxes.  It 
is of i n t e r e s t  to e s t i m a t e  the magni tudes  of these  t e r m s  fo r  r ea l  absorb ing  media .  

Accord ing  to m e a s u r e m e n t s  of the an i so t rop ic  radia t ion field in a smal l -quant i ty  heat ing chamber  of 
l aye r  type [3], the m a x i m u m  deviat ion of the actual  t h e r m a l  flux f r o m  that  calculated f r o m  the formula  for  
i so t rop ic  rad ia t ion  is 15%, with a mean  deviat ion of 1.5%. Since inc rease  in o rde r  of the de r iva t ives  is 
accompanied  by a r i s e  (as ~-1 _. 0) in the o r d e r  of sma l lnes s  of the t e r m s  in the expansion containing these 
de r iva t ives ,  it may  be a s s um ed  on the bas is  of the given expe r imen ta l  data that  in r ea l  conditions the t e r m s  
in Eq. (6) with f i f t h -o rde r  de r iva t ives  amount  to no more  than 3-5% of the density of the resu l t ing  radia t ion 
flux. Then the t e r m s  containing de r iva t ives  of seventh and higher  o r d e r  may be neglected.  

In tegra t ing  Eq. (5) ove r  the sphe r i ca l  solid angle ~ = 4~, and bear ing  in mind Eq. (2), an equation re la t ing  
the radiant  and t he rm odynam i c  t e m p e r a t u r e s  is obtained: 

{ 1 ( f f 'T  • O'T' a~T ~) 1 /a~T*' . 04T ~" a'T' 
r ' =  + o: - +  

a , ( 8 )  

+ 2 axZay----- i -  + 2 - -  + 2 + . . . .  a y20~ az, Za x ~ 

Taking  f r o m  the t e r m s  of this  equation the de r iva t ives  with r e s p e c t  to z,  the t e r m  containing the f i r s t -  
o r d e r  de r iva t ive  is e x p r e s s e d  in expl ic i t  f o r m  and subst i tuted into Eq. (6) to give a new exp re s s ion  for  the 
pro jec t ion  of the radia t ion flux vec to r  on the z axis :  
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qrz= 3tz Oz r "~a 3" + - - - -  + -  + k az3 ax~az ay2Oz 
_ . _  (9) 

q- 8 (O~T , 0ST ' O'T' 0ST ' 0ST ' a ' T ' )  } 
lOSe - - - - T -  \ az, + ax,----a-z- + ay,o----~ + 2 ~ + 2 ~ + 2 -4- . . . .  O xZOz ~ o y~az ~ o x=o y~Oz 

Express ions  for  q rx  and q ry  may be obtained f rom Eq. (9) by cycl ical  substi tution of var iables .  Reta in-  
ing only the f i r s t  t e rm  on the r ight-hand s ides  of the resul t ing equations,  the well-known gradient r e p r e s e n t a -  
tion of the radiat ion flux vec tor  is obtained [3]: 

4a grad T 4. (10) 
qr------ - ~  r 

Comparing the numer ica l  coefficients  in Eqs.  (6) and (9) for  the t e r m s  containing h ig h e r -o rd e r  der iva-  
t ives ,  it may be concluded tha tEq .  (10) gives a be t te r  approximation than Eq. (7). 

It may be shown fu r the r  that it is possible to rep lace  t e rm s  of Eq. (9) with h ig h e r -o rd e r  der ivat ives  by 
d i f fe rences  of f i r s t - o r d e r  der iva t ives .  Subtracting Eq. (9) f rom Eq. (6) gives the resu l t  

3~ Oz a Oz " = a - I  9a 3 \ Oz 3 + Ox~O-----~ + 

osr  4 ~ 1 ( OSr ~ OaT ̀ OST ' OST ' OST ~ } 
+ oy,oz/+ Tag; ~-~- + ~ + o--~, + 2 o~oz ~ + 2 oy~Oz, + 2 ox~oy~oz/~ ~ + . . . .  u~) 

It is evident f rom a compar ison of the r ight-hand sides of Eqs.  (9) and (11) that an approximate ca lcu la -  
tional es t imate  of the effect  of radia t ion-f ie ld  anisotropy on the resul t ing  heat flux at any point of the abso rb -  
ing-medium volume may be obtained using the di f ference in the gradients of the fourth powers  of the radiant 
and thermodynamic  t empera tu res .  

Next ,  Eq. (11) is multiplied by 4/5 and substi tuted into Eq. (9). Taking into account the analogous r e l a -  
tions for  the x and y axes ,  the dependence for  the radiation flux vec to r  is wri t ten in the following calcula-  
tional form:  

i ) 
12a grad (T~ 4e, T' . ('12) 

qr~'~-- 5"--~ ~ 90~ 

As follows f rom a compar ison of the numer ica l  coefficients in Eqs. (11) and (9), the di f ference in the 
f i r s t  der iva t ives  (gradients) of the fourth powers of the radiant and thermodynamic  t empera tu re s  completely 
replaces ,  as a resu l t  of substitution in Eq. (9), the t e r m s  of this equation with t h i r d - o r d e r  der iva t ives ,  and 
rep laces  by as much as 70% the t e r m s  with f i f t h -o rde r  der iva t ives ,  which Eves  Eq. (12) an accuracy  sufficient 
fo r  engineer ing  calculations. 

Now cons ider ,  fo r  the example of a one-dimensional  p roblem,  how the t empera tu re  dependence of the 
absorpt ion coefficient [2, 4] affects  the fo rm of the calculational equations. Di rec t  integrat ion of Eq. (5) leads 
to complex formulas  considerably different  f rom those obtained above. T h e r e f o r e ,  assuming that the 
gradients  of ~-i and the thermodynamic  t empera tu re  coincide in di rect ion with the z axis of the Car tes ian  
coordinate sys t em,  the der ivat ive with r e spec t  to the d i rec t ion ,  drv-I/dl, is replaced by the derivat ive with 
r e spec t  to z and, introducing the notation k = O:~-i[Sz for  the sake of s impl ic i ty ,  the coefficients  I/~r 2. . . 
in Eq. (5) a re  expanded in Tay lo r  s e r i e s  with r e spec t  to k: 

e, dB 
I = ~--~-*a B - -  (1 - -  k cos q0 -k k 2 cos2~ - -  kScos3~_ . . . )  c--- ~ d--l- + 

+ (I - -  3k cos r + 7/~ cos2~ - -  15kacos3~ + 3Ik~ c o s ~ - -  

r d~B (I - - 6 k c o s q ~ +  25k2cos2q) ~ ~- 63McosS~ + . . . )  ~s dl= 

e,  d3B j r . . .  �9 
--90k 3 cos~P -t- 301k ~ cos"~--. . . )  ~ dl 3 

(13) 
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Integrating over the spherical solid angle, and making transformations analogous to those above, de- 
pendences are obtained for the resulting radiation flux density: 

4(r OT 4 4~ ~ k 2 + ~ k ~ + t- 
q r = 3o~ Oz ~ "'" ~ Oz 

(14) 

+ k +  k3+4ks+"" ~20z~ + ~ + - ~ -  - - 7  - ~ + ' ' "  ~" Oz" + " "  

and for the difference in gradients of the fourthpowers of the radiant and thermodynamic temperatures: 

1 (OT~ e .  OT ~ ) e .{ (  I 1 ) 1 0 T  ~ 

+ (--~ k + k3+ 3k~+-.-) 
a ~ Oz ---~= + + - 5 -  + 3 ""} o~" Oz" + . . . .  

(15) 

It is not difficult to establish that in this case too it is possible using Eq. (15) to replace sufficiently 
completely the terms with higher-order derivatives in Eq. (14) by the difference in the gradients of the fourth 
powers of the radiant and thermodynamic temperatures and to obtain a calculational dependence coinciding 
(at least for k -< 0.1) with Eq. (12). 

The possibility of using the resulting formulas for large values of the derivative 0~-l/~z evidently re-  
quires further verification. 

B,  I 
T, T r 

qr ,  qr 

qrx, qry,  
qrz 
n 

x, y,  z, l 
(Y 

0J 

N O T A T I O N  

are the equilibrium and total radiation intensities; 
are the thermodynamic and radiant temperatures;  
are the radiation flux vector and flux density of the resulting radiation (modulus of radiation 
flux vector); 

are the projections of radiation vector; 
is the number of natural series;  
are the coordinate axes; 
is the Stefan-Boltzmann constant; 
are the absorption and intrinsic radiation coefficients of medium; 
are the angles of spherical coordinate system; 
is the solid angle. 
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